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Abstract: Let R be an Abeliar0 exchange ring. We prove the foUowing resuhs: 

1. i?Z2 and RS3 are clean rings. 

2. If G is a group of prime order p and p is in the Jacobson radical of R, then RG is clean. 

3. If identity in i? is a sum of two units and G is a locally finite group, then every element 
in RG is a sum of two units. 

4. For any locally finite group G, RG has stable range one. 

All rings in this note are associative with identity. An element of a ring 
is said to be clean if it is a sum of a unit and an idempotent. A ring R is 
said to be clean if its every element is clean. These rings were introduced by 
Nicholson in [Ni] as a class of examples of exchange rings. In [Ni, Proposition 
1.8] Nicholson proved that an Abelian exchange ring is clean. 

This work is motivated by the paper [M] of McGovern where it is proved 
that for a commutative clean ring R, the group ring R7j2 is clean. We extend 
this result by proving that -RZ2 is clean whenever R is an Abelian exchange 
ring. Moreover our proof is quite short. We also prove that RS^ is clean for 
any Abelian exchange ring R. 

Let i? be a commutative clean ring and G be a finite group of prime order 
p such that p is invertible in R. In [HN, Example 1], Han and Nicholson gave 
an example to show that the group ring RG may not be clean. We prove 
that if R is an Abelian exchange ring and G is a group of prime order p such 
that p G J{R), then RG is clean. 

A lot of people have studied rings in which every element is a sum of two 
units (see [KS] and its references). An obvious necessary condition for the 
identity element of a ring i? to be a sum of two units is that R does not have 
a factor ring isomorphic to Z2. In [KS, Theorem] it is proved that if i? is a 
right self-injective ring which has no factor ring isomorphic to Z2, then every 
element of i? is a sum of two units. We prove that every element of a group 
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ring RG, where R is an Abelian exchange ring and G is a locally finite group, 
is a sum of two units whenever RG has no factor ring isomorphic to Z2. 

A ring R is said to have stable range one if for any a, b E R, aR + bR — R 
implies that a + 6a; is a unit for some x E R. This property was defined by 
Hyman Bass who also proved that every semilocal ring has stable range one. 
Evans proved that if the endomorphism ring of a module Mr has stable one, 
then Mr has cancellation property in the category of right i?-modules. For 
these results and more information, we refer the reader to [L] . We prove that 
if R is an Abelian exchange ring and G is a locally finite group, then RG has 
stable range one. 

The following result contains the crucial idea of the note. 

Lemma 1. If an element x e RG is not clean (resp., is not a sum of two 
units), then there exists an ideal I ^ R of R such that Rjl does not have 
any nontrivial central idempotent andx e {R/I)G is not clean (resp., is not 
a sum of two units). 

Proof. Suppose x G RG is not clean. Let C be the family of all ideals / of 
R such that x = x + IG G RG/IG is not clean. Clearly R ^ C and (0) G C. 
If {/j} is a chain of ideals in C, then / = Uj/j is also in C. Because otherwise 
X G RG/IG and thus x G RG/IiG, for some i, is clean. So C is inductive 
and so by Zorn's lemma, C has a maximal member, say /. If R/I has a 
non-trivial central idempotcnts, then R/I = Ii/I x I2/I, for some ideals /i 
and I2 of R properly containing /. So RG/IG ^ hG/IG x hG/IG. Now 
X G RG/hG = RG/IG /hG/IG ^ hG/IG is clean by the maximality of /. 
Similarly, x G hG/IG is clean implying that x G RG/IG is clean. This is 
a contradiction. The other part, when x is not a sum of two units, can be 
proved similarly. □ 

As an Abelian exchange ring without any non-trivial central idempotents 
is local, we get 

Corollary 2. If R is an Abelian exchange ring and x G RG is not clean 

(resp., is not a sum of two units), then there exists an ideal I ^ R of R such 
that R/I is local and x G RG/IG is not clean (resp., is not a sum of two 
unit). 

The part 1 of the following Lemma is due to Nicholson [N, Theorem] and 
part 2 is due to Woods [W, Lemma 6.1]. 
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Lemma 3. 1. If R is local, G is locally finite p group and p e J{R), then 
KG is local 

2. If R is semiperfect, then RS3 is semiperfect. 
We are now ready to prove our first main result. 

Theorem 4. If R is an Abelian exchange ring, then and RS3 are clean. 

Proof. Let G = {l,g}. If x G RG is not clean, then by Corollary 2 there 
exists an ideal I ^ R oi R such that R/I is local and x G RG/IG is not 
clean. We will show that RG/IG = {R/I)G is clean. Indeed if 2 is a unit in 
S — R/I, then a -\- hg ^ {a -\- h, a — h) is an isomorphism from SG to S x S 
and so SG is clean. If 2 G J{S), then SG is local, and thus clean, by Lemma 
3. 

Similarly, if we suppose that i^iSs is not clean, we get a local factor ring 
R/I of R such that (i?//)5'3 is not clean. But {R/I)Ss is semiperfect by 
Lemma 3 and is thus clean by [CY, Proposition 7] . □ 

The following result gives a class of clean group rings. 

Theorem 5. Let R be an Abelian exchange ring and G be a group of prime 
order p. If p G J{R), then RG is clean. 

Proof. If a; G RG is not clean, then by Corollary 2, there exists a local factor 
ring R/I of R for some ideal I ^ R such that x G RG/IG is not clean. If p 
is a unit in R/I, then pr — 1 G / for some r E R. But as p G J{R), pr — 1 
is a unit in R. Thus I — R, a, contradiction. Thus p G J (R/I) and so by 
Lemma 3, {R/I)G = RG/IG is a local and hence a clean ring. □ 

The following result is due to Woods [W, Lemma 4.1]. 

Lemma 6. IfG is a locally finite group, then for any ring R, J{R) Q J{RG). 
In particular, J{R)G C J(RG). 

We will need the following easy lemma to prove our next main result. 

Lemma 7. Let S be a unital subring of R such that S does not have any 
factor ring isomorphic to Z2. Then R also does not have any factor ring 

isomorphic to Z2 

Proof. Suppose there exists an epimorphism f : R ^ Z2. As /(I) ^ 0, the 
restriction of / to 5 is also an epimorphism from S —>■ 1^2 □ 
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Let it! be an Abelian exchange ring and G be a locally finite group. The 
following interesting result, in particular, shows that if identity in RG is a 
sum of two units, then every element in RG is a sum of two units. 

Theorem 8. For an Abelian exchange ring R and a locally finite group G, 
the following conditions are equivalent: 

(i) Identity in RG is a sum of two units. 

(a) Identity in R is a sum of two units in R. 

(Hi) R does not have any factor ring isomorphic to Z2. 

(iv) Every element in RG is a sum of two units. 

Proof. The implications (i) implies (ii); (ii) implies (iii) and (iv) implies (i) 
are clear. So we only have to prove the implication (iii) implies (iv). Suppose 
that it! does not have any factor ring isomorphic to Z2. By Lemma 7, it!G also 
does not have any factor ring isomorphic to Z-2. Suppose, to the contrary, 
that some x G RG is not a sum of two units. Then by Corollary 2, there 
exists an ideal I ^ Roi R such that R/I is a. local ring and x G RG/IG is not 
a sum of two units. We will show that every element in {R/I)G = RG/IG 
is a sum of two units. Let S — R/I. By Lemma 6, J{S)G C J{SG). Thus 
every element in SG is a sum of two units if and only if every element in 
SG/J{S)G is a sum of two units. Now SG/J{S)G = {S/J{S))G and S/J{S) 
is a division ring. Let D = S/J{S). if t/ G DG, then as G is locally finite, 
there exists a finite subgroup H olG such that y G DH. By [C, Theorem 4], 
DH is a self-injective ring. If DH has a factor ring isomorphic to Z2, then by 
Lemma 7, D = Z2. But as D = R/I, so R has a factor ring isomorphic to Z2, 
which is a contradiction. Thus DH does not have a factor ring isomorphic 
to Z2. So it follows by [KS, Theorem], that every element of DH is a sum of 
two units. □ 

We now prove our last result. 

Theorem 9. Let R be an Abelian exchange ring and G be a locally finite 
group. Then RG has stable range one. 

Proof. Let aRG + bRG — RG. We have to show that there exists a unit of 
the form a + by for some y G RG. Suppose not. Let C be the family of ideals 
I of R such that a -\- by + IG is not a unit in RG/IG for any y & R. It is 
easy to see that C is inductive and so, as in Corollary 2, there exists an ideal 
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I ^ R oi R such that R/I is local and a + by + IG is not a unit in RG/IG 
for any y E R. We will show that {R/I)G = RG/IG has stable range one. 
As aRG + bRG = RG, where RG = RG/IG, this will give us the desired 
contradiction. Let S = R/I and D = S/J{S). As J{S)G C J{SG), so SG 
has stable range one if and only if SG/J{S)G ^ {S/J{S))G = DG has stable 
range one. Let x, Xi, y, yi e DG be such that xxi + yyi — 1. As G is locally 
finite, we can find a finite subgroup H of G such that x, Xi, y, yi G DH. 
But as D is a division ring and H is finite, DH is Artinian and so has stable 
range one (see [L, Corollary 2.10]). Thus there exists w G DH such that 
X + yw is a unit in DH and hence in DG also. □ 
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